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Abstract. Following Zograf and Takhtajan, we use Schottky uniformization of g>1
Riemann surfaces to obtain the Liouville equation and its general solution on the covering
space of a Riemann surface. Formal apparatus of inverse scattering theory is employed to
compute the exchange algebra of the chiral solutions to a second-order linear differential
equation. The results depend on 3g-3 complex parameters.

1. Introduction

Ever since Polyakov’s seminal work {1] on 20 quantum gravity, the study of both
classical and quantum Liouville theory [2] has attracted much attention, The interests
are really twofold. On the one hand, even though the matrix models [3] proved very
successful, several aspects, including the problematic strong coupling region, of the
continuous model still seem mysterious. On the other hand, Liouville theory, as the
simplest case of Toda theories, is conformal invariant which, among other cFts, is
intimately related to guantum group [4] through its quantum exchange algebra, as
shown by Gervais in [5].

In the previous studies, either in conformal field theory or in quantum gravity,
most of the work considered only topologically trivial 20 manifolds (there are of course
several exceptions, see [6]). It is evident that Liouville theory on general Riemann
surfaces is of crucial importance. In this respect, Zografl and Takhtajan [7] have proved
a quite intriguing result concerning a relation between the accessory parameters in the
uniformatization theory and the action of the Liouville equation on an arbitrary
Riemann surface of genus g > 1. The Liouville action proposed by Zograf and Takhtajan
has the property that it coincides with the usual one when restricted to the fundamental
domain of the Schottky group, while the extra terms bring up dependence on the 3g-3
Schottky space parameters. Note that the Liouville equation on the covering space of
a Riemann surface is obtained as the Euler-Lagrange equation of the proposed action.
In addition, according to an old corollary of the uniformization theorem, every
hyperbolic metric of constant negative curvature on a Riemann surface, as an induced
Poincaré metric, satisfies the Liouville equation on the covering space. The Liouville
field determined by this metric obeys a delicate transformation law under the Schottky
group.

In this paper starting from the prescribed Liouville theory on the covering space
of a Riemann surface, we carry out a study of the classical inverse problem for the
Liouville equation on an arbitrary Riemann surface, paying attention to the similarity
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124 Yi-Xin Chen and Hong-Bo Gao

between the general solution of the Liouville equation on a Riemann surface and that
on a plane. In the next section, we briefly recall some necessary mathematical facts
concerning the Schottky group and uniformization. The way the Liouville equation
and its general solution on a Riemann surface come into play is also explained. In
section 3, we introduce the change of variables, diagonalize the monodromy matrices
by a new set of dynamical variables and compute the basic Poisson brackets. As a
by-product, we obtain a standard free oscillator expression for Liouville fields. In
section 4, we bring together our results of calculating exchange algebra between the
classical analogues of chiral vertex operators. Finally, in section 5, we summarize this
paper with several comments.

2. Mathematical preliminaries

A marked Riemann surface of genus g > 1, is a Riemann surface M with x,€ M taken
as fixed, together with a choice of a set of generators «;, B;, i=1,...,g of the
funadmental group =,(M, x,). Given this, a dissection of M can be performed by
cutting off M along 2g homology cycles, starting from the point x,. The result is a
planar polygon in a subregion of (extended) complex plane. The reverse procedure
of dissection, which identifies edges of the polygon by the prescribed generators a;,
B:,1s what the famous uniformization theorem amounts to. The mathematically rigorous
way of uniformizing a surface is to take a covering space (), and a set of covering
maps. Let G be the automorphism group of the covering transformations, then /G
is a Riemann surface (of genus g > 1). In this paper we always choose as G the Schottky
group £, which is a (discontinuous) group consisting of strictly loxodromic transforma-
tions. The corresponding covering space is the extended complex plane C=cCP'y (o0},
i.e. £ maps ¢ into C via fractional linear transformation vy:

aw+b
ew+d

y(w) = wel ad —ch=1. (2.1)

Every strictly loxodromic transformation has only two distinct fixed points [8],'
v(é12) = &2, &7 &, 50 every generator L of the Schottky group can be uniquely (uﬂ
to an overall SL(2, C) transformation) determined by its fixed points and a constant
multiplier:

L(W)_&:)lw_fl
L(w)-§& w—£&

The condition for |A| is such that £, and £ are repulsive and attractive, respectively.

It is easily seen that

/ 2
g,=a-dxvlatdy -4 A+i=(a+dy-2. (2.3)
' 2¢ A

Let us choose a set of free generators L;, i=1,..., g, of Z (such a £ is named the
marked Schottky group) The corresponding marked Riemann surface can be obtained
as follows. % maps € into C. Exlcuding a finite set of limiting points of X, a subset
Qin € is called the region of discontinuity of the (properly discontinuous) group X,
Z acts on £ freely, and according to the uniformization theorem, £}/X is the desired
Riemann surface (g > 1). £ maps the interior of the isometric circle jcz+d|=1, to the
exterior of the isometric circle |cz —a| = 1. So, the fundamental domain of X in C is

0<|A|<1. (2.2)
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a region D =\_J{_, D, u D/, bounded by 2g disjoint Jordan curves A,, A}, i=1,..., &
(see figure 1}. An important fact is A}=—L;(A,;), with action of IL; reversing the
orientation of A,.

Equation (2.3) implies that the Schottky group can be parametrized by 3g — 3 (minus
three because of the conjugation by SL(2, C)) complex parameters. More than this,
there is a natural isomorphism from the marked Schottky group {Z, L;} to a subset in
C# 3,

{Z, L} (&7, £, 0, e S, = C¥*73 (2.4)

here S, is the Schottky space [9] connected to Teichmuller space in a suitable way.
In the following sections, the so-called Fuchsian equation and its independent
solutions on the covering space of Riemann surfaces will be referred to. So we shall
summarize a few facts about them here.
The Fuchsian equation is a second-order linear differential equation satisfied by a
meromorphic differential on M of order — [10]:

Y +3Fuly =0 (2.5)
where $[u] is the Schwartz differential defined as
" A
=2 (2) (26)
u' 2\u

= A=

with the property that #[y]=0, for y a fractional linear transformation.

Two linearly independent solutions y,, y, to equation (2.5) exist and their ratio
w1/ y2 solves the Schwarz equation (2.6}. In each analytic coordinate patch, the system
of equations (2.5) and (2.6) is trivially satisfied by analytic functions. However, it
becomes non-trivial globally, due essentially to the transformation law of $[u] under
the coordinate change z > w:

Flu(w)]=FLu()Kw')*+ F[w(z)]. (2.7)

Since equation (2.5) is covariant (with w(w) transforms as differential of —% order)
under coordinate transformation, it makes sense to speak of solutions of equation (2.5)
defined globally on a Riemann surface M. These are topologically inequivalent solutions
indexed by 2g homology bases of M. It was proved in [10] that such solutions depend
on 3g -3 complex parameters (we ignore here the dependence of the Schwartz connec-
tion on accessory parameters which, however, is needed to fix up the arbitrariness of
Schwartz connections on M.) We will see below that these 2g topologically inequivalent

8,
ALl Ay
. Ay
(M_O
N Ay=-Ly(A4,)
AF

Figure 1. The fundamental domain of the Schottky group. Circles are identified by L, to
obtain a g-handled surface.
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solutions ot the Fuchsian equation are crucial for linearizing the boundary conditions
obeyed by the Liouville field variables.
Let us return to Schottky uniformization. Remember that every Riemann surface

of g>1 is equipped with a (hyperbolic) metric of constant negative curvature. Let it
be of the form ds”= h dw dw; its Gauss curvature is

1
K= 4 3,0z In h. (2.8)

Choosing k =e¥, the requirement of constant negative curvature then leads to the
Liouville equation:

Suose =e° (2.9)

{(here we have normalized K to be —1). The advantage of Schottky uniformization is
that it gives rise to a smooth solution of equation (2.9) [11], ¢(w) on £, such that

duf (W) A
c“’(“’)=|——— welcC 2.10
(im f (w))? 210
with transformation law under the Schottky group:

e L = e L'(w)| LeX. (2.11)

The f in equation (2.10) is a conformal mapping from ) to the upper half-plane H
{f is a multivalued function), and its Schwartz differential coincides with the energy-
momentum tensor constructed from o{w):

‘?[f] = Puw — ﬁ TLmu (2'12)

Based on the above observations, Zograf and Takhtajan proposed the following
action of the Liouville system on the covering space () of a Riemann surface:

1 ig L! Ly
b =5 wPet ety diw—= j ( —= dw —d )
() zjo(qw eydw—3 L NPT AP e dw

4 2
+ z J’ (log|L|*) = dw—4x ¥ log|if (2.13)
A, L; i=2

i=2

1—A;
TVA(E )

It is evident that variation of §(¢) gives rise to the Liouville equation (2.9). The reason
for the last three terms in the action (2.13) is to make the action independent of the
choice of fundamental domain D in Q. Thus it is well defined and universal on f.
Note that in this way the Liouville field ¢(w) acquires additional dependence on 3g —3
parameters in S,.

3. The classical inverse problem method for the Liouville equation

In the preceding section, we have seen that the Liouville equation can be consistently
put on the covering space of the Riemann surface, with Liouville fields transforming
definitely under the Schottky group. We also learnt that topologically inequivalent
solutions to the Fuchsian equation can be parametrized by 3g —3 complex parameters.
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Now we are ready to carry out a study of the classical periodic problem for the Liouville
system on a Riemann surface. One of the important concepts in the inverse problem
method is the definition of equal time Poisson brackets. The ‘time’ in complex coordin-
ate w can be taken as f=In|w| by relation: In w=tf+ix, Inw=t-ix. In the (x, )
coordinate system, the Liouville equation takes the form
2 Be _
Py~ P — € =0 (3-1)
B
here the coupling constant 8 of ¢ {x,t) is explicitly introduced. Being exactly the
same form (except for a minus sign before the last term in the left-hand side, which
is responsible for the negative curvature we are choosing) as in flat space-time, equation
(3.1) admits the same zero curvature expression. We refer the reader to [12] for the
notation. :
From the zero curvature expression of equation (3.1), we read off the classical
r-matrix in our case

0 0 0 0
0 —a& 2& 0 . B’
= = .2
"o 0o -a o “Ty 32
0 0 0 0

An important notion in the inverse scattering theory is the transition matrix T(x, x,),
which is defined as

T(x,x5)=P exp(J

£

here P denotes path ordering, and U(x’, t) is a field-dependent matrix which appeared
in the linearized auxiliary equation {see [12]).

By ultralocality of the T-matrix, it is easily checked that T(x, x,} satisfies the
fundamentai Poisson bracket:

{T(x, %)@ T(x, o)} =1, T(x, %0)® T(x, )] (3.4a)
here we adhere to the convention for the tensor product
(A® B)r'j‘mn = AimBjn

x

Ulx', t) dx') (3.3)

and
{A@B}l‘j,mn = {Aims Bjn}-
For our purposes of calculation, it is convenient to use the alternative form of
equation (3.4a):
(TE®THN=(TxNOVIR THI®T()] x>y (3.4b)
with a similar equation for x < y.
Equation (3.4b) is a manifestation of the following property of T(x, y):
T(x)=T(x y)T(y). (3.5)
In terms of matrix elements of T(x), we introduce a pair of functions u(x}, v(x) which
serve as substitutes for canonical pair of Liouville field variables ¢, ,

_ T1s(x) v(x) = Tyy{x)

Ty (x) Tu(x) (36)

u(x)
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Using equations (3.6) and (3.4b), we compute the Poisson bracket of u, v as follows:
{u(x), u(y)} =& sgn{x - y)[u(x)y —u(y)I’ — d[w*(x) — u’(y)]
{v(x), o(p)} = —a sgn(x — y)v(x) — ()1 - @[v*(x) - v*(y)] (3.7)
{u(x), v(p)} = —2&[w*(x) —u(x)o(y)].

Now we are in the position to apply the standard methods of inverse scattering to
the problem at hand, i.e. calculation of the Poisson bracket relations for the cancnically

transformed variables (see below).

Due to the smoothness of the Liouville fields ¢ and @ on (), they are periodic
along each non-trivial cycle on M. From this one readily deduces the following
periodicity of the transition matrix T{x}:

T(x) > T(x)TA (142 (3.8)

x taken around cycles Aor A, i=1...g
The matrices T, T are monodromy matrices along A; and A}, respectively.
Denote the matrix elements of T%, T by

(s (%) e)
it is easily checked from equations (3.8) and equation (3.6) that
u(x+ around A;) = T7i{u(x)) v(x+ around A,) = T3 (v(x)} (3.10)
u(x+ around A}) = T (u(x)) v(x+ around A}) = T)(v(x)).

In the above expression, T5" and T,' act on u, v by fractional linear transformation,
and are defined by

T;;,-:(af B*‘) ;r;:=(‘3i ﬁ) (3.11)

Yi Yi oy

The change of variables ¢, = u, v is not the whole story, since u, v obey
complicated ‘boundary conditions’ (equation (3.10)). We need to linearize the system
further by diagonalizing the monodromy mairices T™ (the other set of monodromy
matrices T* will be shown later to be related to T™ by simple relations.) The
diagonalization of T can be carried out using the 2g fixed points z,;, z;;, of matrices
T4 (remember T} is hyperbolic, as usual):

T;‘"(Zl,zi) = Iy i=1...g (3.12)
with
$—a. £V +8)—
Zipi =" a*vi(e;+8) 4- (3.13)
2y
Diagonalization of T* is accomplished by the change of variables,
(o) s sr Fa) — u(x)_zll
WX uiX)= a2,
' (3.14)
U(x) > U(x) U(x) 2y
(JC)_ZZ‘
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Now the new set of variables obey the standard quasiperiodic boundary conditions:
u(x+ around A,) = e~ u,(x)

v(x+ around A;) = e v,(x) (3.15)
here

e’ =8 —zyy; e =8, —zv (3.16)
Fravtlacan
1Uuict,

eite = (8+a,) -2, (3.17)

Comparing with equation (2.3), we see a one-to-one correspondence between
(z15, 225, pi) and (£}, £5, A;) is natural. This implies that we obtain a set of parameters
isomorphic to the Schottky space mentioned in section 2.

What about the ‘boundary conditions’ for u(x) along the A} cycles? To find the
answer, note that A] =—1L,(A,). Let us use the transformation law of ¢(w) (equation
(2.11)) (and a similar one for 7(w) of course) to compute T(L;(x)). It follows that
Ulx', ¢) dx'+j K{x' 1} dx']

Xo

T(Ldx), Li(xo))= P CXPU

ﬂzl(LTT(t+ix’)+Er‘_"_'(:+ )\ (3.18)
PTANLT i) L))

where the prime denotes differentiation w.r.t complex variable w, and

oe(l %)
N0 -~/

We need to find out the explicit relation between T(L;(x)) and T(x). Note the field
independence of K;(x, t}; we are able to use the gauge covariance of the Lax pair
equation, taking account of the singularity of K;(x, r). So let

K (x'

¥

T(Li(x), Li(x0)) = Gi(%, xo) Ti(x, xo0) (3.19)
such that G;(x, x,) satisfies

G7'(x, %0)8,Gi(x, X0} = G (%, x0) Ki(x, 1) Gi(x, Xo). (3.20)
Applying equations {3.18)-(3.20), we have

8T, (x, %0) = G7'(x, X)) U(x, )Gi(x, xq). (3.21)

In terms of the formal solution to equation (3.21), we can express T(L;(x), L:{(x,)) as
follows:

T(L;(x), L(x0))

= G;(x, xo) P epox G7'(x', xo ) U(x', 1) G X', xo) dx']

= T(x, x5} Gi{x0, x0)- {3.22)

Note that G;(x5, x;) is no longer an identity matrix since K;(x, t) is singular. Rather,
it contributes to the general solution to equation (3.20):

Gix, x))= P exp[J. K(x', t)dx'+ J‘ Ki(x', 1} dx’]
AT

Xo

X , e—4mﬂr 0
= Pexp Ki{x', 1) dx 0 et} (3.23)

Xq
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Here A" means taking around the cycle A, for m times, me Z (counting different
directions}. In obtaining equation (3.23), we have taken account of the residue of K,.
It follows from the above calculation that

~4mm
. e 0
TA= T"‘f‘( 0 e“"‘")' (3.24)
Therefore, we have also linearized the boundary condition of u(x) along A} cycles.
In the mean time we linearize the 4, cycle boundary conditions, i.e.

u;(x+ around A}) =e P87 4 (x)
v,{x+ around A}) =e 2P **" . (x).

As usual in the linearized problem of the integrable sysiems, the parameters, such
as 7, 5; and p; used to diagonalize the monodromy matrices, are all dyanmical variables;
they should have non-trivial Poisson brackets, so, in evaluating the Poisson brackets
between linearized field variables u;, v;, one should take account of their contribution.
Happily, as we have checked in detail, the Poisson brackets among the parameters
2z and p; all vanish, even though their Poisson brackets with u, v definitely do not.
After a tedious but direct computation, we obtain (for i =j):

{udx), w,(¥)}= & sgn(x — y)[wi(x) — w;(y)*+ & coth( p,)[u7(x) —ui(y)]

{:(x), v(y)} = —d sgn(x— y)[vi(x) - v;-(y)]’—%(li

(3.25)

x [(0:(x) = 1)(i(y) —e ™)+ (o) = 1(wi(x) ~e 7]

{0), 90 = Tt w () = D)+, (3.26)
By introducing

Pyi(x) = ui(x)/ ui(x) Py (x) = v{(x)/ vi(x) (3.27)
one easily sees that P, ,;(x) satisfy the free field Poisson brackets:

{Pi(x), Pu(y)}=4ad'(x— y} {P1(x), P;i(y)}=0 (3.28)

{Pyi(x), Py(y)}=—4ad'(x —y) {p: Pl,zi(x)}zo

and obey the periodic boundary conditions along cycles A;, A]. We note that P, 5,
have the following property:

j Py;(x) dx:J. Py(x) dx=-2p,
- . (3.29)
J ,Pl,-(x) dx=J Po(x)dx=-2p,+8mm.

A
Obviously p; serves as the zero mode in the Fourier expansions of P, ,;. Thus we arrive
at the essence of the free field formulation of the Liouville system.

4. Classical exchange algebra

In this section we shall compute the exchange algebra by using equation (3.26) for
general i, j. Recall that in section 2 we explained that on a Riemann surface of genus
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g>1, the Fuchsian equation (2.5) admits 2g topologically inequivalent solutions.
Denote by i »; these 2g solutions which are expressible by the linearized variables
#;(x) and their derivatives u!(x), as follows:

g (x) = [ui(x)] " Wai(x) = () [u}(x)] 7 i=1...g (4.1)

We are interested in the Poisson brackets between u;,(x), u;,(y) at i # j (the case i =j
was treated in section 3, equation (3.26)}. A tedious but direct calculation shows

{u(x), ()}
= alz7z}7] {sign(x — y)[AP(x, ¥) — AP (3, )P+ A (x, y) — AP (3, )}
(4.2)
here, z{"=z,,—zy, g, v=1,2,
Agj”(JC, )= [zli — 2yl (x)][l - uj(y)] (4_3)

AP(x, y)=coth(p)AL(x, y)[ 2} — 25 1 (x) + (25 — 257w, (x)) s ()]
Using equations (4.2) and (4.3), we are able to find the Poisson brackets of ¢, i.e.
the exchange algebra. Let us denote by W(x)= (4 (x),d(x), ¢nlx),
Paa(x), ..., 1,(x), ¥2.(x)) the row vector spanned by the g pairs of ¢, ,,(x) defined
in equation (4.1).
Then the exchange algebra has the following form,;
{¥() QW) = (¥(x)®¥(y))Q (4.4)

where Q is a 4g>x4g” matrix with field-independent matrix elements. Written in
component form:

{lpf(x): 'l’m()’)} = !’24 . d’f'(x)d’m'(y)ol'm',lm . (4-5)

The explicit expression for Q. 1. is as follows:
(i) 1 m being simultaneously odd:
Ql'm'.lm=%&(z(112—1)/2+l.(1—1)/2+Izgg't—l},"Z-Fl,(m—l),’2+l)_l(a?10—1)/2+1,(m*I),"2+|Bl'.lam',m
+b?lo—l)/’2+1,(m—1}/2+187’,l+1am',m
+ el y2erim-120180 18 mr 1 T AEvy2401,m- 137224100 1018 ms1) (4.6)
ai?=sgn(x—y)z; 2l —Hcoth( p)z,; + 2:)z; — i)
b?j’*-—Z sgn(x - y)zy z)i +coth( p;) 2z} — coth( p;)(zy,z5 + 2027
00 = —2sgn(x —y)z3'zif + coth( p;) (zi’ 25 + 2,.25) — coth{ p;) 223
a’ﬁ‘} =2[sgn(x — y)(z3)* —coth( p;)z,,z;; + coth( p;} 2523
(it} ! odd, m even:
CQron'im =%&(Zgrz—1),'2+1.{r—1)/2+12::/2,m/2)_](a?ff1]/2+1.m/28r.r5m',m—|
+b?le—])/2+I,m,’281',f+16m'.m-'1
+ €07 1y241.ms 200 18, m AT 241.m280 1 416m7 m) (4.7)
ais=—-2sgn(x—y)z;' z;7 +coth{ p)znzj + 2,23 ) + coth( p) 2237
b5 = (—2)[sgn(x — y)(2;7) + coth( p;) 2,2} + coth( pi) z;z;]

e = —sgn(x—y)zFz}} + 2F ) + z(coth(pj)(zl.-ﬂz.-)z!?-r'<->j)

dSs=2sgn(x —y)zj z;7 —coth( p))zaz} + coth(p) (227 + 2,25
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(iii) ! even, m odd:

Ql'm'.lm =

w12 12 ~1
a(Zuz,r,'zz(m—1)/2+|.(m—|)/2+|) (a?,?z,(m—l)/2+16!’,f—l6m',m

b | e

+ b7 (m-1)24100 18t m
+C??2(m—nf2+|3m—15m'm+n"‘d7?z,(m—n/z+15:'.r3m-,m+|)

o =2sgn(x - y)z;'z;; —coth(p;)z,;z;% —coth( p;)(zy52} + 2,23 (4.8)
b?_‘}——sgn(x vz 2R i) +3(coth(p Mz + 222 —ie )
ci9=2[—sgn(x — y)(z3')’ + coth(p;)z,:z} + coth{ p,) 2,2} ]

21 11

22 21

di;=2sgn(x—y)z “”COth(Pj)(zzazq +z:z '2)+00th(Pi)szZ.!i2

{iv) I m simultaneously even:

. 12 12 -1
Qi =20 (ZUZ,UZZm,"Z,m/Z) (a?,?z,m,v'Zaf',l—l Bprmt b:?:’:Z,m,'Zal’,I'Sm’,m-l
+ c‘l:,e"2,m/28f',|'—16m',m + d?;Z,m,’Zal',lam‘,m) (4.9)

ay=2[sgn(x —yNz;' )+ coth( p;)z,;z}} —coth( p;)(z;z}]

12 _11

b?e'=_[253n(x“J’)zp ;-+C0th(PJ)(21.z +22iz")+COth(Pi)(zijzl'i2

= —2sgn(x —y)z}'z;' + coth( p,) z, z}} + coth( p,){ z,2} + 2,23

yean

d,"}—sgn(x y)z (z z(coth(pj (zl,-+zzi)zﬁ —iej).

5. Concluding remarks

To end this paper, a few comments are in order.

As we have just seen, Liouville theory on a high-genus Riemann surface shares
most of the integrability characteristics in its flat space version. As equations (3.27)
and (3.28) suggest, there exists a set of g pairs of free field oscillator variables all
satisfying simple pB relations. This appears in accordance with the fact that on a

Riamann curfara of ganng o thars ara o 7arn mndag far tha halamanhis (1 N forme
Ruvilialill sullave Ul gullud g, there are B ZLTU INUULs 10T Ul iuimopiie 1, vy 1UILIS.

Usually, in the flat space version of exchange algebra, one considers exchange of
the two chiral vertices corresponding to the two linearly independent solutions to the
Fuchsian equation. As we have argued in section 2, on g > 1 Riemann surfaces, however,
the Fuchsian equation has 2g topologically inequivalent solutions corresponding to
2g non-trivial monodromies around homoglogy cycles. In view of possible implication
to representation of a braid group on a Riemann surface, it is reasonable to take these
topologically inequivalent solutions as independent, thus justifying the appearance of
the 4g® x 4g” exchange matrix in equation (4.4).

The interesting depence of our results on the 3g —3 complex parameters in Schottky
space has the following interpretation. Because Schottky space is (locally) isomorphic
to Teichmuller space, which is the space of metric (complex) structures, the dependence
on these ‘moduli’ parameters implies that different complex structures in 20 manifolds
should give rise to different exchange algebra structures. This is also natural, since
different complex structures are related by quasiconformal transformation. One should
not expect ‘moduli’ independent physical results from an intrinsically conformal
invariant theory.
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